The assessment of coronary flow reserve from the instantaneous distribution of the contrast agent within the coronary vessels and myocardial muscle at the control state and at maximal flow has been limited by the superimposition of myocardial regions of interest in the two-dimensional images. To overcome these limitations, we are in the process of developing a three-dimensional (3D) reconstruction technique to compute the contrast distribution in cross sections of the myocardial muscle from two orthogonal cineangiograms. To limit the number of feasible solutions in the 3D-reconstruction space, the 3D-geometry of the endo-and epicardial boundaries of the myocardium must be determined. For the geometric reconstruction of the epicardium, the centerlines of the left coronary arterial tree are manually or automatically traced in the biplane views. Next, the bifurcations are detected automatically and matched in these two views, allowing a 3D-representation of the coronary tree. Finally, the circumference of the left ventricular myocardium in a selected cross section can be computed from the intersection points of this cross section with the 3D coronary tree using B-splines. For the geometric reconstruction of the left ventricular cavity, we envision to apply the elliptical approximation technique using the LV boundaries defined in the two orthogonal views, or by applying more complex 3D-reconstruction techniques including densitometry. The actual 3D-reconstruction of the contrast distribution in the myocardium is based on a linear programming technique (Transportation model) using cost coefficient matrices. Such a cost coefficient matrix must contain h maximum amount of a priori information, provided by a computer generated model and updated with actual data from the angiographic views. We have only begun to solve this complex problem. However, based on our first experimental results we expect that the linear programming approach with advanced cost coefficient matrices and computed model will lead to acceptable solutions in the 3D-reconstruction of the myocardial contrast distribution from biplane cineangiograms.
Introduction
The severity of a coronary obstruction can be described in terms of its geometry (morphologic severity), as well as in terms of its effect on the perfusion of the underlying myocardium (functional or physiologic severity). Although the morphologic severity of coronary obstructions can be measured with high accuracy and precision with computer-assisted image processing techniques [1] , the physiologic or functional significance of an obstruction in an individual patient cannot be determined with sufficient accuracy from the geometry of the narrowing alone; there are many factors which may influence the mathematical formulas relating the geometric and functional descriptions, such as collateral circulation, previous myocardial infarction, etc. Despite these limitations, Gould et al. and Zijlstra et al. have attempted with increasing success to determine the coronary flow reserve from the pressure gradient-flow relation, which is based on the geometric description of a coronary obstruction [2, 3] . Until such approaches have proven to be reliable predictors of coronary flow reserve in an individual patient, other techniques should be used to assess the functional consequences of coronary obstructions.
New developments in X-ray imaging introduced by Vogel et al. have led to the computation of relative regional myocardial flow in the control and maximal flow states by means of contrast medium appearance techniques following the administration of a coronary vasodilator [4] . By means of this approach, coronary flow reserve (CFR), defined as the ratio of maximum coronary flow after a maximal vasodilatory stimulus to resting flow, can be determined. With the introduction of intracoronary papaverine, maximal coronary blood flow can be safely induced during routine cardiac catherization [5, 6] . Although this technique is usually applied on-line to video images of the coronary arterial system acquired directly from the image intensifier of the X-ray system, we have implemented this technique for off-line analysis from cinefilm [3, 7] .
However, the present CFR imaging technique is limited by the fact that two-dimensional images of a three-dimensional structure are analyzed. In these two-dimensional images there does not exist a oneto-one relation between a selected myocardial region of interest (ROI) and one particular coronary segment perfusing that area due to overprojection of myocardial regions in front of and behind the selected region of interest perfused by other arterial segments. For some time, our group as well as Onnasch et al. have been studying the possibilities of three-dimensional reconstruction of the myocardial perfusion from two orthogonal projections to overcome these problems of superimposition [8, 9] . Our approaches to this complex problem will be discussed in this paper.
Three dimensional reconstruction by means of linear programming techniques
The linear programming (LP) approach for the 3D-reconstruction of the left ventricular lumen from biplane cineangiograms was introduced by Slump et al. [10] . Reiber et al. described the application of LP-techniques to the 3D-reconstruction of coronary arterial segments [11] . This technique could be improved by modelling the X-ray images of the contrast agent filled coronary vessel with a Poisson process [12] . Both applications were performed with the linear programming transportation model [13] . In this model a priori knowledge about the geometry of the left ventricular or coronary cross section was contained in the so-called cost coefficient matrix. Dumay has demonstrated that this LP-technique is also applicable to the 3D-reconstruction of myocardial perfusion from two projections; however, the definition of the appropriate cost coefficient matrix is crucial to the quality of the final results [8] .
For the 3D-reconstruction of the myocardial perfusion from two orthogonal projections five major steps are proposed: 1) determination of the optimal biplane angiographic views; 2) myocardial perfusion image acquisition; 3) preprocessing of the selected myocardial perfusion images; 4) estimation of the 3D-geometry of the endo-and epicardial boundaries of the left ventricular myocardium and; 5) reconstruction of the regional myocardial perfu-sion in the different cross sections perpendicular to the left ventricular long axis. These major steps will be described in more detail in the following sections. The first experimental results are presented and discussed in section 8.
Determination of the optimal biplane angiographic views
To optimize the limited amount of information available, the biplane angiographic views for the registration of the myocardial perfusion should be taken parallel to the direction of the left ventricular (LV) long axis. This means that at the start of the angiographic procedure, a routine biplane left ventricular angiogram must be acquired for the definition of the LV long axis. Immediately thereafter, end-diastolic biplane images of the contrast-filled left ventricle are replayed on the video monitors of the catheterization room and the cardiologist or a technician defines the LV long axis direction in the two views with the help of a personal computer with image digitizing capability and a mouse or joystickfor user-interaction. The LV long axis in a 2D-image is defined as the line connecting the apex with the center of the short axis connecting the two aortic valve positions at the base of the left ventricle. From these data the 3D-direction of the LV long axis can be computed. If the geometry of the X-ray system is also available to the PC, the optimal angiographic views for this study can be determined and the X-ray system positioned in these optimal settings for the remaining coronary and left ventricular angiograms [14] .
Myocardial perfusion image acquisition
For the biplane image acquisition, the same protocol is followed as has been used for our monoplane studies [3, 7] . In these studies, the heart was atrially paced at a rate just above the spontaneous heart rhythm. The nonionic contrast agent Iopamidol ® was injected at 37°C into the coronary arterial system with an ECG-triggered Medrad Mark IV ~ infusion pump. For the left coronary artery 7 or 8 ml was injected at a flow rate of 4 or 5 ml/sec. For the right coronary artery 5 ml was injected at a flow rate of 3 ml/sec. The injection rate of the contrast medium is judged to be adequate when backfiow of contrast medium into the aorta occurs. The angiogram is repeated 30 sec after pharmacologically induced hyperemia by a bolus injection of 12.5 mg papaverine into the coronary artery. The film speed for the biplane coronary cineangiograms is taken at 50 frames/sec.
I~gitization and preprocessing of the selected images
For the quantitation of the relative coronary blood flow, five to six end-diastolic (ED)-cineframes in each of the two (biplane) image series are selected from successive cardiac cycles. These cineframes are digitized with a high-quality cinedigitizer at a resolution of 512 × 512 pixels and 256 grey levels [3, 14, 15] . The digitized images are corrected for the dark current of the video camera in the cinedigitizer. Logarithmic maskmode background subtraction is applied to the image subset to eliminate non-contrast medium densities. The last ED-cineflame prior to the contrast administration is chosen as the mask. The intensity level in the background subtracted cineangiograms has been found to be proportional to the irradiated amount of contrast material [14] . An example of a series of 6 consecutive background subtracted ED-cineframes of a right coronary artery in the RAO-projection is shown in Fig. 1 . A corresponding sequence of images can be obtained from the orthogonal view.
The 3D-reconstruction of the myocardial perfusion must be determined for each pair of end-diastolic cineffames. In these reconstructed cross sections, the relative regional blood flow can then be calculated within user-defined myocardial regionsof-interest (ROI's) on the basis of the relative regional vascular volume and the mean contrast appearance time, as has been described in detail for the monoplane studies [3, 7, 15] .
As explained above, a 3D-reconstruction of myocardial contrast agent perfusion must be carried out for each end-diastolic moment. In these Fig. 1 . End-diastolic cineframes, digitized in 512 x 512 eight-bit matrices from 6 consecutive heart beats following contrast injection. Stationary background structures were eliminated by means of logarithmic mask-mode background subtraction using the ED-cineframe acquired prior to the contrast administration as a mask.
reconstructions, a priori information is essential to limit the large number of possible solutions. We propose to use the geometry of the myocardial muscle to obtain a bounded volume in which the reconstruction must take place. How to obtain such geometric information will be discussed in the following section.
Reconstruction of geometry
The three-dimensional reconstruction of the myocardial perfusion in cross sections of the myocardium from only two orthogonal views is an underdetermined problem. Without additional a priori information, many solutions will fit the projection data. This makes clear that as much a priori information as possible must be incorporated into the reconstruction process to limit the collection of permissable solutions.
The size and shape of the left ventricular myocardial cross section are determined by the endocardial and epicardial boundaries. We envision that the endocardial boundaries be estimated from the left ventricular cineangiograms and the epicardial boundaries from the coronary arterial tree available from the coronary angiograms. That would mean that in addition to the angiographic investigation for the assessment of coronary flow reserve described above, a second biplane left ventriculography must be performed in the optimal views. In a right dominant system, there is only one branch from the right coronary tree, the Posterior Descending branch, that perfuses the myocardial muscle of the left ventricle. In a left dominant system, this branch comes from the circumflex artery. This means that in all cases information about the 3D-structure of the left coronary arterial system only seems sufficient to estimate the size and shape of the epicardial boundaries of the cross sections of the left ventricular myocardial muscle.
If the acquisition procedure described under section 4 is followed for the left coronary system, then this same information can be used for the definition of the epicardial geometry of the left ventricular muscle. However, if only the perfusion of the right coronary system is being studied, an additional left coronary angiography must be performed. Our present approaches to solve these problems are described in the following paragraphs.
Geometric reconstruction of the epicardium
The major branches of the coronary arterial tree lie directly upon the epicardial surface of the myocardium and can thus be used to determine the outer boundaries of the myocardium. The vessels from the left coronary arterial system which can be used for these purposes are the Left Anterior Descending artery (LAD) with the diagonal branches, the Left Circumflex Artery (Cx) with the Obtuse Marginal branch and the Postero Lateral branch, and the Posterior Descending branch, if the system is left dominant. The septal branches of the LAD cannot be used as these penetrate the septal wall. Therefore, the boundaries of the septal portion of the left ventricular myocardium must be estimated from the known positions of the epicardial vessels using an appropriate model.
Computation of the epicardial boundaries of the left ventricular myocardial cross sections will require the following steps: a) manual or automated tracing of the centerlines of the left coronary arterial tree in biplane views. b) three-dimensional matching of the two coronary trees. c) determination of intersection points of selected cross sections of the heart with the coronary tree; these cross sections are taken perpendicular to the left ventricular long axis. d) computation of the left ventricular epicardial boundary of each cross section based on the known intersection points with the coronary tree and on an appropriate geometric model.
These different steps will be described in some more detail in the following paragraphs
Manual or automated tracing of the left coronary arterial tree in biplane views
End-diastolic frames in the two orthogonal views are selected at the corresponding moments in the 145 angiographic investigation. All the approximate centerlines of the major vessels and their branches as mentioned earlier, if visible in the images, are traced manually or tracked by an automated centerline tracing technique [16] . The spatial positions of the bifurcations and other crossing points (overlap of vessels) are determined by the computer program. An example of manually traced centerlines in two orthogonal views of a left coronary arterial system is given in Fig. 2 .
Three-dimensional matching of the two views of the coronary tree
To be able to describe the coronary tree in three dimensions, the projection data of the tree in the two views must be matched. For these purposes, graph matching techniques can be applied [17] . Each projected and traced tree is represented by a graph; the nodes in the graph correspond with bifurcations, trifurcations and crossings in the traced coronary tree. The arcs in the graph correspond with vessel segments. If there are loops in a graph (due to overlap of vessels), all the possible loopless trees derived from the graph must be created for the matching procedure. Therefore, such a graph with one or more loops is split into a set of loopless trees by a syntax which describes which nodes are connected to each other and by which arcs. An example of a simple graph with a loop in one of the two views is shown in Fig. 3 . By means of a set of transformations each tree in one set will be transformed into each of the possible trees in the other set. This set of transformations include: 1) removal of a node; 2) insertion of a node; and 3) shift of a node. Each of these transformations are associated with a certain cost. This means that the cost of transforming one tree into another can be calculated as the sum of all the individual costs associated with the necessary transformations. The two trees that can be transformed into each other at the lowest total cost are assigned as the corresponding trees by the matching algorithm. Now that the corresponding nodes and arcs in the two orthogonal views are known, the 3D-coordinates of the traced coronary tree can be computed. 
Hull fitting through the 3D coronary tree
The three-dimensional coronary tree encompasses the myocardium. If we want to determine the distribution of the myocardial perfusion within cross sections of the left ventricular myocardial muscle, sliced perpendicular to the left ventricular long axis, the same cuts through the coronary tree structure must be made to obtain the information necessary for the definition of the outer boundaries of the myocardium. As the direction of the left ventricular long axis is known (see section 3), cross sections through the 3D tree structure perpendicular to the LV long axis can be defined and the corresponding intersection points with the major branches of the coronary arteries determined. On the basis of these intersection points the true size and shape of the left ventricular epicardium in such a cross section must be reconstructed. This is illustrated in Fig. 4 . The epicardial boundary of the heart defines the circumference of the left ventricular myocardium, except at the septal region. For this portion of the muscle, an appropriate model must be used, such that it can be reconstructed from the. known epicardial intersection points. Such a reconstruction certainly is not a trivial problem, since usually only 4 to 5 intersection points mainly situated along the frontal and lateral sides are available. An example of the tracings of the outer and inner boundaries of six cross sections through a postmortem heart with the coronary vessels indicated is shown in Fig. 5 ; we must be aware of the fact that the heart was fixed in the endsystolic phase.
For the reconstruction of the left ventricular epicardial boundary in a cross section on the basis of the known positions of the coronary vessels we have studied the following techniques: 2D ellips and 3D ellipsoid model fitting, isotropic interpolation of polynomials and both 2D and 3D Spline fitting [18] .
Geometric reconstruction of the endocardium
The a priori information of the epicardial boundaries in the croSs sections is not sufficient. The size and shape of the endocardial boundaries of the myocardial muscle must be determined as well. That information must be obtained from the biplane left ventricular angiograms, that are available for a study of this type (introduction section 6).
We do have extensive experience with the automated contour detection of the left ventricle in the RAO-projection (Fig. 6) [19] . Similar techniques need to be developed for the LAO-angiographic projection. From the LV boundaries defined in the two orthogonal views, the size and shape of the various cross sections can be defined by elliptical approximation [20] , being the simplest approach, or by applying more complex 3D-reconstruction techniques which also use the densitometric information in the LV-angiograms, as have been described by Slump et al. [10] and by Onnasch et al. [21] . Our first approach will be based on the relatively simple elliptical approximation.
Reconstruction of regional myocardial perfusion
Once the endo-and epicardial geometry of the left ventricular myocardium has been defined, the regional distribution of myocardial perfusion must be reconstructed from the preprocessed images. The 3D-reconstruction takes place on a slice-by-slice basis, as depicted in Fig. 7 . As mentioned earlier, the reconstruction of the myocardial perfusion is a heavily underdetermined problem when only two projections are available. Suppose, the 2D-projection images of the myocardial perfusion are defined in M x M and N x N matrices, respectively; in practice, M = N. Let X denote an M x N matrix with entries x(i, j) e {0,255). The elements of X are to be determined from the following set of equations: (1), (2) and (3). This means that optimization techniques must be applied to find the most likely solution to the problem. We propose to utilize linear programming techniques [13] , which can be adapted to our application.
We formulate the following optimization process:
M N Minimize F, with F = F. E c~. x~ (4) i=l j=l under the constraints:
l~)~<x~ )<~u~) i=l,... ,M,j=I,... ,N (7) where F represents the total cost for the reconstruction, c~) the cost coefficient associated with an increase in the grey value with one at position (i, j) in slice k. The parameters u~) and 1~) are the upper and lower bounds for the grey value x~) at position (i, j) in slice k; it is clear that 1~) I> 0 and u~) ~MIN (a(i,k), ~(j,k)) for alli= 1,...,M,j = 1,...,N, and for all k. This optimization problem is related to the socalled Hitchcock or transportation problem, which can be approached conveniently as a flow problem in a directed network [13] . Fig. 8 illustrates the correspondence between the matrix reconstruction problem and the network flow problem. The capacities of the arcs directed away from the source are set equal to the row sums. The capacities of the arcs directed towards the sink are set equal to the column sums. The capacities of the intermediate arcs correspond with the entries of the matrix of the reconstruction problem. The flow through the network is maximal, if the actual flows through the source and sink arcs are equal to their capacities. For simplicity, only those intermediate arcs that do transport flow are given in Fig. 8 .
The a priori information can be brought into this network flow approach by assigning cost coefficients and capacities to the intermediate arcs. Intuitively, the assigment of the cost coefficients should follow the following pattern:
1. 'high' cost coefficients if low grey values are expected 2. 'medium' cost coefficients if medium grey values are expected 3. 'low' cost coefficients if high grey values are expected.
The reconstructed grey values in slice k -1 can be used as a first approximation for the expected grey values and the related cost coefficients in the adjacent slice k. For the very first slice k = 1, the cost coefficient model is defined by the data from the angiographic views; the grey values within the area defined by the endo-and epicardial boundaries are then evenly distributed. Similar rules may be applied to the capacities of the arcs in the network. The geometry of the cross section under reconstruction can also be incorporated in this network. For example, for those positions outside of the estimated epicardial boundary and inside of the estimated endocardial boundary, the lower and upper bounds of the capacities are set equal to zero. In this way the number of feasible solutions is significantly reduced, and thus the required processing time. For the other positions, the lower and upper bounds of the capacities are determined in correspondence to the cost coefficients. Finally, algorithms from the field of Operation Research can be adapted to find the minimum cost solution at maximal flow through the capacitated network.
First experimental results
In the following paragraphs the first experimental results on the estimation of the 3D-geometry of the epicardial left ventricular boundary (paragraph 8.1) and the reconstruction of the myocardial perfusion (paragraph 8.2) are described.
Estimation of the 3D-geometry of the epicardial boundary
To determine which hull fitting technique provides 150 the best results in the estimation of the epicardial boundary of a cross section based on the known intersection points with the coronary tree (paragraph 6.1.3), we used the known epicardial and ventricular luminal boundaries, and vessel intersection points of slices from postmortem hearts. Our material at the present time consists of two hearts, sliced perpendicular to the left ventricular long axis in a total of six slices of equal thickness. The epicardial and ventricular luminal boundaries of each slice were traced on paper and the intersection points of the visible vessels were indicated. The myocardial boundaries and the positions of the vessel intersection points were retraced from paper with a writing tablet and stored into the computer memory.To obtain a closed left ventricular myocardial boundary, the septal portion of the boundary was defined by the right ventricular cavity and by curves manually drawn between the right ventricular cavity and the nearby epicardial boundaries. From the hull fitting techniques that we have implemented (paragraph 6.1.3), the cubic B-spline was found to provide the best results. Fig. 9 shows the results for six slices of the first heart. This example shows that the computed hulls are acceptable in most slices, although not perfect. The mean difference and standard deviation of the differences expressed in mm's between the reconstructed and the true left ventricular myocardial boundaries for the slices of Fig. 5 the position of the Right Posterior Descending branch in the reconstruction process, the other including this branch. For both cases the mean difference between the true and reconstructed boundaries were very small. However, for all cross sec- Table 1 . Statistical analysis of the differences between the computed (Fig. 9 ) and traced epicardial LV boundaries of the postmortem slices of Fig. 5 
Reconstruction of myocardial perfusion
To study the performance of the actual reconstruction process, an arbitrary model of myocardial perfusion was defined in a 64 x 64 matrix; from these data the corresponding biplane density profiles were computed. On the basis of these two density profiles, it was attempted to reconstruct the model. Both lower-and upperbound capacities were, rather arbitrarily, chosen symmetric to the model, such that clipping of values could not occur (section7). The cost coefficient model was defined from the density profiles by evenly distributing the values of the matrix. Before reconstruction a feasibility test was applied to the data, to ensure the existence of a non-empty solution space [13] . The linear programming algorithm has been implemented in the computer language TurboPascal and runs under the MS-DOS operating system. The optimal solution to the defined problem was found in about 250 s on a COMPAQ AT personal computer (clock frequency 12 MHz). Although both the cost coefficient model and the lower-and upperbound capacities were chosen rather arbitrarily, we believe that an acceptable reconstruction can be obtained by choosing these values properly. How this must be done is still a matter of research.
Conclusions
In this paper we have proposed our approach for the 3D reconstruction of the myocardial perfusion from biplane angiograms. The following five major steps can be distinguished: 1) determination of the optimal biplane angiographic views; 2) myocardial perfusion image acquisition; 3) preprocessing of 151 the selected myocardial perfusion images; 4) estimation of the 3D-geometry of the endo-and epicardial boundaries of the left ventricular myocardium; and 5) reconstruction of the regional myocardial perfusion in the different cross sections perpendicular to the left ventricular long axis. From our present experiences we conclude the following:
1. 3D-reconstruction of the myocardial perfusion from biplane angiographic views is a strongly underdetermined problem. Therefore, a priori knowledge of the myocardium must be utilized in the reconstruction process. 2. It is proposed to use the geometry of the endoand epicardial boundaries of the myocardial cross sections as part of the a priori knowledge. 3. From the different hull-fitting techniques implemented, the cubic B-spline fitting technique showed the best results in the estimation of the epicardial boundaries of the cross sections from the arterial intersection points. 4. Reconstruction of the myocardial perfusion by means of linear programming techniques shows great promise, provided the proper cost coeficient model and lower-and upperbound capacities are defined.
